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Abstract. We have characterized an intra-regular T-AG**-groupoids by using 
the properties of T-ideals (left, right, two-sided ), T-interior, T-quasi, T-bi and 
T-generalized bi and T-(l,2)). We have prove that all the T-ideals coincides in 
an intra-regular r-AG**-groupoids. It has been examined that all the T-ideals of 
an intra-regular r-AG**-groupoids are T-idempotent. In this paper we define all 
T-ideals in r-AG**-groupoids and we generalize some results. 
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Introduction 

The idea of generalization of commutative semigroup was introduced in 1972, 
they named it as left almost semigroup (LA-semigroup in short) (see [3]). It is also 
called an Abel-Grassmann's groupoid (AG-groupoid in short) [12]. In this paper 
we will call it an AG-groupoid. 

This structure is closely related with a commutative semigroup because if an 
AG-groupoid contains a right identity, then it becomes a commutative monoid [5J. 
A left identity in an AG-groupoid is unique [8J. It is a mid structure between a 
groupoid and a commutative semigroup with wide range of applications in theory 
of flocks pj] . Ideals in AG-groupoids have been discussed in [8] , [15] , [5] and [9] . 
In 1981. the notion of T-semigroups was introduced by M. K. Sen [6] and [7] 

In this paper, we have introduced the notion of T-AG**-groupoids. T-AG- 
groupoids is the generalization of T- AG-groupoids. Here, we explore all basic 
T-ideals, which includes T-ideals (left, right, two-sided ), T-interior, T-quasi, T-bi, 
T-generalized bi and T-(l, 2)). 

Definition 1. Let S and T be two non-empty sets, then S is said to be a T-AG- 
groupoid if there exist a mapping S x Y x S — > S, written (x, 7, y) as x^y, such 
that S satisfies the left invertive law, that is 

(1) (xjy) 5z = (zjy) 5x, for all x,y, z £ S and 7, 6 € T. 
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Definition 2. A T-AG-groupoid S is called a T-medial if it satisfies the medial 
law, that is 

(2) (xay) [3 (Ijm) — (xal) (3 (yjm) , for all x,y,l,m G S and a, 13, 7 G T 

Definition 3. A T-AG-groupoid S is called a Y-AG** -groupoid if it satisfy the 
following law 

(3) aa(b/3c) — ba(aj3c), for all a,ii,ceS and a, j3 G T. 

Definition 4. A T-AG-groupoid** S is called a Y -paramedial if it satisfies the 
paramedial law, that is 

(4) (xay) (3 (Ijm) = (mal) (3 (y-fx) , for all x,y,l,m G S and a, (3, 7 G Y. 

Definition 5. Let S be a Y -AG- groupoid, a non-empty subset A of S is called 
Y -AG-subgroupoid if 076 G A for all a, b G A and 7 G Y or A is called Y-AG- 
subgroupoid if AY A C A. 

Definition 6. A subset A of a Y-AG-groupoid S is called left(right) Y -ideal of S if 
SYA C A (AYS C ^4) and A is called Y -ideal of S if it is both left and right Y -ideal. 

Definition 7. A Y -AG-subgroupoid A of a Y-AG-groupoid S is called a Y-bi-ideal 
of S if (AYS) YA C A. 

Definition 8. A Y -AG-subgroupoid A of a Y-AG-groupoid S is called a Y -interior 
ideal ofS if (SYA) YS C A. 

Definition 9. A Y-AG-groupoid A of a Y-AG-groupoid S is called a Y-quasi-ideal 
of S if SYA n AYS C A. 

Definition 10. A Y -AG-subgroupoid A of a Y-AG-groupoid S is called a r-(l,2)- 
ideal of S if (AYS) YA 2 C A. 

Definition 11. A Y-ideal P of a Y-AG-groupoid S is called Y-primeiY-semiprime) 
if for any Y -ideals A and B of S , AYB C P (AY A C P) implies either A C P or 
BCP(ACP). 

Definition 12. An element a of an Y-AG-groupoid S is called an intra-regular if 
there exists x, y G S and /3, 7, S G Y such that a — (xf3(aSa))^y and S is called an 
intra-regular Y-AG-groupoid S, if every element of S is an intra-regular. 

Example 1. Let S and Y be two non-empty sets, then S is said to be a T-AG- 
groupoid if there exist a mapping S X T X S — > S, written (x, j, y) as xjy, such 
that S = S = {a,b, c, d, e} 
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Clearly S is an intra-regular because, a = (af3a 2 )^a, b — (c(3b 2 )je, c — (df3c 2 )je, 
d = (c(3d 2 )jc, e = (b(5e 2 )je. 

Note that in a T-AG-groupoid S with left identity, 5" = STS. 

Theorem 1. A T -AG** -groupoid S is an intra-regular T '-AG** -groupoid if ST a = S 
or aTS — S holds for all a G S. 
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Proof. Let S be a r-AG**-groupoid such that STa = S holds for all a E S, then 
S = STS. Let a£S and therefore, by using (2), we have 

a E S = (STS)TS = ((STa)T(STa))TS = ((STS)T(aTa))TS 
C (STa 2 )TS. 

Which shows that S is an intra-regular r-AG**-groupoid. 

Let a£5 and assume that aTS — S holds for all a E S, then by using (1), we 
have 

aeS = STS = (aTS)TS = (STS)Ta = STa. 
Thus STa = S holds for all a & S and therefore it follows from above that S is an 
intra-regular. □ 

Corollary 1. If S is a T -AG** -groupoid such that aTS = S holds for all a E S, 
then STa = S holds for all a 6 S. 

Theorem 2. If S is an intra-regular T -AG** -groupoid, then (BTS)TB = Bf\S, 
where B is a T-bi-(T -generalized hi-) ideal of S. 

Proof. Let S be an intra-regular L-AG**-groupoid, then clearly (BTS)TB C BC)S. 
Now let b e B n S which implies that b E B and b E S, then since S is an 
intra-regular r-AG**-groupoid so there exists x,y E S and a,/?, 7 E T such that 
b = (xa(bf3b))-fy. Now by using (3), (1), (4) and (2), we have 

b — (xa(b/3b))jy — (ba(x/3b))jy = (ya(x/3b))jb 

= {ya(xf3((xa(bf3b))jy)))jb = (ya((xa(b/3b))/3(xjy)))jb 

= {{xa(b(3b))a{y(3{x-fy)))-fb = (((xjy)ay)a{{b(3b)f3x))jb 

= ((bf3b)a(((xjy)ay)f3x))-fb = ((b[3b)a({xay)f3(xjy)))jb 

= ((bf3b)a((xax) (3(yjy)))-fb = (((yyy)f3(xax))a(bf3b)) / yb 

= (ba(((ir/y)P(xax))Pb))'yb E {BTS)TB. 

Which shows that (BTS)TB = B D S. □ 

Corollary 2. If S is an intra-regular T-AG** -groupoid, then (BTS)TB = B, where 
B is a T-bi-(T -generalized bi ) ideal of S. 

Theorem 3. If S is an intra-regular T-AG** -groupoid, then (STB)TS = S n B, 
where B is a T -interior ideal of S. 

Proof. Let 5" be an intra-regular L-AG**-groupoid, then clearly {STB)TS C SC\B. 
Now let b E S n B which implies that b E S and b E B, then since S is an 
intra- regular L-AG**-groupoid so there exists x,y E S and a,-f,S E T such that 
b = (xa(bSb))^y . Now by using (3), (1) and (4), we have 

b = (xa{b5b))^fy = {ba{x5b))^fy = (ya(x5b))"fb 

= (ya(xdb))j((xa(bSb))jy) = (((xa(b5b))jy)a(x5b))jy 

= {{b 1 x)a{y8{xa{b8b)))) 1 y = {((yS{xa(b5b)))-fx)ab)^y E (STB)TS. 

Which shows that (STB)TS = S n B. □ 

Corollary 3. If S is an intra-regular T-AG** -groupoid, then (STB)TS — B, where 
B is a T -interior ideal of S. 



Lemma 1. If S is an intra-regular regular T-AG** -groupoid, then S — STS. 
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Proof. It is simple. □ 



Lemma 2. A subset A of an intra-regular T-AG** -groupoid S is a left T-ideal if 
and only if it is a right T-ideal of S. 

Proof. Let S be an intra-regular r-AG**-groupoid and let A be a right T-ideal of 
S, then ATS C A. Let a e A and since S is an intra-regular r-AG**-groupoid so 
there exists x,y € S and /3,7, 5 € T such that a — (xj3(a5a)Y/y. Let p G ST ^4 and 
<5 G T, then by using (3), (1) and (4), we have 

p = sipa — sip((x(3(adaj)^y) = (x[3(a5a))ip(sjy) — (a[3(x5a))ip(s'jy) 
= ({s~fy)[3{xda))ipa — ((a / yx)(3(ySs))ipa — (((ySs) / jx)f3a)tpa 
= (af3a)Tp((ySs)^x) = {xj3{y5s))%lj{a'ya) = aip((x/3(y5s))ja) G ATS C A. 

Which shows that A is a left T-ideal of S. 

Let A be a left T-ideal of S, then STA C A. Let a G A and since S is an 
intra-regular T-AG**-groupoid so there exists x,y G S and f3,j,S G T such that 
a = (xf3(a5a))jy. Let p G ATS 1 and (5 G T, then by using (1) and (4), we have 

p = aips = ((x(3(a5a)^y)ips = (sjy)ip(x(3(a5a)) = ((a5a)jx)ip(y(3s) 

= ((yf3s)jx)ip(aSa) = (a~/a)~ip(x6(y(3s)) = ((x6(y/3s))~/a)~ipa G STA C A. 

Which shows that A is a right T-ideal of S. □ 

Theorem 4. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a T-bi-(T-generalized bi-) ideal of S. 
(it) (ATS)TA = A and ATA = A. 



Proof, (i) (ii) : Let A be a T-bi-ideal of an intra-regular T-AG**-groupoid S, 
then (ATS)TA C A. Let a G A, then since S is an intra-regular so there exists x, 
y G S and [3,-f,5 G T such that a = (x(3(aSaj)jy. Now by using (3), (1), (2) and 
(4), we have 

a — (x(3(aSa))-fy — (af3(x5a))jy = (yf3(xSa))-fa 

= (yP(x5((x/3(aSa))-fy)))-fa = {yf3((xf3(a5a))5(x-fy)))-fa 
= ((x/3(a5a))f3(yS(x-fy)))-fa = ((af3(xSa))(3(yS(xjy)))ja 
= ((al3y)/3((x5a)S(x-fy)))-fa = ((xSa)f3((a/3y)5(xjy)))ja 
= ((xSa)f3((af3x)5(yjy)))ja = (((yyy)6(af3x))/3(a6x))'ya 
= (ap(((y iy )S(apx))Sx)) ia G (ATS)TA. 
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Thus (ATS)TA = A holds. Now by using (3), (1), (4) and (2), we have 

a = (xp(aSa))jy — (a/3(xSa))jy — (y/3(x5a))ja 

= (y/3(xS((xf3(a5a))jy)))ja = (y/3((x/3(a5a))6(x'yy)))'ya 

= ((xP(a5a))(3(y8(xjy)))ja = ((a(3(x5a))P(yS(x-yy)))-fa 

= {{{y5{x^y))(3(x8a))l3a)^a = (((aSx)(3((xjy)Sy))^a)ja 

= (((a6x)f3((y'yy)6x))f3a)ja = (((a5(yjy))f3(xSx))f3a)ja 

= (((( x Sx)8(yjy))(3a)(3a)ja = ((((xSx)S(y-fy))(3((x(3(aSa))jy))^a)ja 

= (((( x5x )^(yiy))/3((a/3(x5a))jy))f3a)ja 

= (((( xSx )<i( a P( xSa )))(3((yjyhy))P a h a 

= ((( a ^(( x ^ x )P{xSa)))(3((y-fy)-fy))(3a)ja 
= (((a5((a5x)(3(x5x)))(3((yiy)iy))Pa)'ya 
= {{{{ a 5x)5{al3{x5x)))l3{{y^y)^y))l3a)-fa 
= ((((a5a)6(xl3(x5x)))l3((y~fy)~fy))l3a)ja 
= (((((yiyhy)^( x /3(xSx)))f3(aSa))f3a)ja 

= ((aP((((y-fy)^y)5(x/3(x5x)))5a))pa)^a C ((ATS)TA)TA C ATA. 
Hence A = ATA holds. 

(ii) => (i) is obvious. □ 



Theorem 5. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a r-(l,2)-idcal of S. 

(ii) (ArS*)rM 2 = A and ATA = A. 



Proof, (i) ==> (ii) : Let A be a F-(l, 2)-ideal of an intra-regular r-AG**-groupoid 
S, then (ATS)TA 2 C A and ATA C A. Let a e A, then since S is an intra- regular 
so there exists x 7 y <E S and /3, 7, 5 £ T such that a = (x(i(a8a)^fy. Now by using 
(3), (1) and (4), we have 

a = (x/3(a5a))jy — (a/3(xSa))jy — (y/3(xSa))ja 

= (yP(x5((x[3(a5a))jy)))ja = (y(5((xfi(a5a))5(x^y)))^a 

= ((x(3(ada))(3(yd(xjy)))ja = (((xjy)(3y)(3((aSa)5x))'ya 

= (((yiy)Px)(3((a5a)6x))ja = ((aSa)(3(((y-yy)(3x)6x))-ya 

= ((a6a)f3((x/3x)6(y 1 y))) 1 a = (a(3((x(3x)6(yjy))) 1 (aSa) e (ATS)TATA. 
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Thus (ATS)TA 2 = A. Now by using (3), (1), (4) and (2), we have 

a = (xj3(a8a)) r )y = (af3(x6a))jy — (y/3(xSa))ja 

= (yP(x5a))f((xP(a5a))fy) = (x/3(aSa))-/((y/3(x5a))"fy) 

= (af3(xSa))j((yf3(x8a))jy) = (((y(3(x5a))jy)P(x5a))-fa 

= ((ajx)f3(y6(yf3(x5a))))ja 

= ((((x/3 (aSa) hyhx)/3 (y5 (y/3 (x5a) )))ja 

= {{{xjyh(x(3(a5a)))f3(y5(yf3(x8a))))-ya 

= (((xjyhy)/3((xf3(aSa))5(y(3(x8a))))-ya 

= (((yiyhx)P((xP(a5a))5(y(3(x5a))))ja 

= (({yiyhx)^((x(3y)8((a8a)^(xSa))j)-fa 

= {{{yiy)lx)P{{a5a)5{{xPy)P{x5a))))^a 

= ((aSa)l3(((y^y)^x)S((x/3y)l3(xda))))ja 

= ((a6a)f3(((yjy)'yx)5((xf3x)f3(y6a))))-ya 

= {{{(x(3x)l3(y5a))S((y'yy)'yx))f3(aSa))ja 

= (({( a Py)P( x Sx))S((y-fy)-fx))(3(aSa))ja 

= ((({{ xSx )M(3a)S({y-fy)-fx))(3(a8a))ja 

= (((xf3(y^y))5(aj((xSx)f3y)))f3(aSa))^a 

= ((aS((xf3(yjy))j((x5x)/3y)))/3(a5a))-fa 

= ((a5((x/3(x6x))j((yyy)[3y)))l3(a5a))ja 

e ((Ats)ta 2 )ta c at A. 

Hence ATA = A. 

(ii) => (i) is obvious. □ 

Theorem 6. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a L-interior ideal of S. 

(ii) (STA)TS = A. 

Proof, (i) => (ii) : Let A be a T-interior ideal of an intra-regular r-AG**-groupoid 
S, then (STMTS' C A. Let a £ A, then since S is an intra- regular so there exists 
x, y 6 S and /3, 7, 8 G T such that a = (x(3(a8a))-fy. Now by using (3), (1) and (4), 
we have 

a = (x/3(aSa))jy — (a/3(xSa))jy = (y(3(x5a))^a 

= (yP(x5a))-f((xP(a5a))-fy) = (((xP(a8a))jy)f3(x5a))jy 
= (( ai x)(3(y5(xP(a5a)))) iy = ((( y 5(xp(a5a))) 1 x)pa)5y e (STA)TS. 
Thus (SLA)LS = A. 

(ii) ==> (i) is obvious. □ 

Theorem 7. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a L-quasi ideal of S. 

(ii) STQ n QTS = Q. 
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Proof, (i) => (ii) : Let Q be a L-quasi ideal of an intra-regular r-AG**-groupoid 
S, then STQ n QLS C Q. Let q E Q, then since S is an intra- regular so there 
exists £, y G S and a, /3, 7 £ L such that q = (xa(qjq))f3y. Let G STQ, for 
some S G T, then by using (3), (2) and (4), we have 

p5q = p5((xa(q~fq))[3y) = (xa(q-yq))5(p[3y) = (qa(x^q))6(p[3y) 
= {qap)S((xjq)(3y) = (xjq)8((qap)(3y) = (yj(qap))5(qf3x) 
= q 6(( yl (qap))Px)eQTS. 

Now let qSy G QLS, then by using (1), (3) and (4), we have 

q5p = ((xa(qjq))f3y)6p = (p(3y)S(xa(qjq)) = x6((pf3y)a(qjq)) 

= x5((qf3q)a(yjp)) = (q(3q)6(xa(y-fp)) = ((xa(yjp))f3q)5q G STQ. 

Hence QTS = STQ. As by using (3) and (1), we have 

q = (xa(qjq))f3y = (qa(x^q))(3y = (ya(x~fq))/3q G STQ. 

Thus q G STQ n QrS implies that SrQ n QrS = Q. 

(ii) =>■ (i) is obvious. □ 

Theorem 8. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a r-(l,2)-ideal of S. 

(ii) A is a two-sided L-ideal of S. 

Proof, (i) =$> (ii) : Let S be an intra-regular L-AG**-groupoid and let A be a 
L-(l, 2)-ideal of S, then (ATS)TA 2 C A. Let a G A, then since S is an intra-regular 
so there exists x, y G S and /3,7, 5 G L, such that a = (xj3(a8a))jy. Now let ?/> G T, 
then by using (3), (1) and (4), we have 

sipa = sip((x/3(aSa))jy) = (x/3(ada))ip(s~/y) = (a/3(xSa))ip(sjy) 

= ((s^y)f3(xSa))ipa = ((sjy)f3(x8a))tj}((xf3(aSa))jy) 

= (xf3(aSa))ilj(((sjy)l3(x5a))jy) = (yf3((sjy)(3(x8a)))ip((a5a)~fx) 

= (aSa)ip((yf3((s^y)(3(x8a)))-yx) = (x5(yf3((s^y)(3(x8a))))ilj(a-fa) 

= (xS(yf3((a-yx)(3(ySs))))ip(a'ya) = (x5((a~fx)(3(y[3(ySs))))ip(a~fa) 

= ((ajx)5(x(3(yf3(ySs))))ip(a'ya) 

= ((((x(3(aSa))jy)jx)S(x/3(y/3(ySs))))ijj(aja) 

= (((xjyh(xf3(aSa)))S(xf3(yf3(ySs))))ijj(aja) 

= (((( a ^ a h x h(y(3x))S(xf3(yf3(ySs))))ijj(aja) 

= ((((y/3x)'jx)j(aSa))d(x/3(y/3(ySs))))^(a-fa) 

= (((y/3(ySs))jx)S((a6a)(3((yf3x)jx)))tl;(a'ya) 

= (((yl3(ySs))jx)S((a5a)(3((xl3x)jy)))tfj(a'ya) 

= ((aSa)5(((y/3(ySs))-/x)l3((xf3x)-/y)))tp(a-fa) 

= ((((%Px)7y)8((yl3(y6s))ix))5(a0a))>i[>(a<ya) 

= (a5(((xi3x) 1 y)5(((yi3(y5s)) 1 x)[3a)))^(a 1 a) G (ATS)TA 2 C A. 

Hence A is a left T- ideal of S and by Lemma [2| A is a two-sided L- ideal of S. 



8 



'madad khan, 2 venus amjid and 3 faisal 



(ii) =^ (i) : Let A be a two-sided L-idcal of S. Let y G (ATS)TA 2 , then 
y = (a(3s)-f(b5b) for some a,b G A, s G S and /3, 7, <5 £ L. Now by using (3), we have 

y = (a[3s)j(bSb) = b 1 ((a(3s)5b) G ALS* C A. 

Hence (ATS)TA 2 C ^ and therefore A is a L-(l, 2)-ideal of S. □ 

Theorem 9. In an intra-regular T- AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a L-(l,2)-ideal of S. 

(ii) A is a L-interior ideal of S. 

Proof, (i) ==> (m) : Let A be a r-(l, 2)-ideal of an intra-regular L-AG**-groupoid 
S, then (ATS)TA 2 C A. Let p G (ST^LS, then p = (sfj,a)i/)s for some a E A, 
s,s E S and /U, ip E L. Since S 1 is intra-regular so there exists x, y E S and 
/3,7, 5 ET such that a — (x(3(a5a))-fy. Now by using (3), (1), (2) and (4), we have 

p = (sfj,a)tps = (sfi((xf3(aSaj)jy))ips = ((xf3(a5a))fi(s^y))tjjs 

= (s fi(s^y))ip(xf3(a5a)) = (s (i(s"/y))ip(a/3(x5a)) 

= aip{{s n(s^y))P(x5a)) = ((xf3(a5a))~/y)il>((s fi(sjy))/3(x8a)) 

= ((af3(xSa))jy)ip((s /J,(s'yy))f3(x6a)) 

= ((af3(xSa))j(s {i(s-fy)))tp(yf3(x5a)) 

= (i a /3s )j((x6a)[i(s-fy)))ip(yf3(x6a)) 

= ((a/3s )i((y6s)n(a,'yx)))ip(yP(x5a)) 

= ((afis h(af*((y5s)'yx)))il>(yP(x6a)) 

= ((a/3ah(s K(y8s)"fx)))tp(y/3(xda)) 

= {{af3ah((yds)Ks -yx)))ip(yf3(x5a)) 

= {{yP{x5a))i((y5s)iJ,(s -yx)))ip(a[3a) 

= {{yP{ySs))j((x5a)^(s'jx)))tp(a(3a) 

= {{y(3{ySs))j((x5s )n(wyx)))tp(af3a) 

= {{yP{y8s))'y(afi((x5s')'yx)))ip(af3a) 

= (a-f{{y(3{ySs))^((xSs')jx)))tp(af3a) 

E (ATS)TA 2 C A. 

Thus (STA)TS C A. Which shows that A is a L-interior ideal of 5". 

(ii) => (i) : Let A be a L-interior ideal of S, then (STA)TS C A. Let p G 
(ATS)TA 2 , then p = (a^is)ip(bab), for some a,b G A, s G S and fi,ip,a E L. Since S 
is intra-regular so there exists x, y E S and f3, 7, 5 G T such that a = (xf3(aSa))'yy. 
Now by using (1), (3) and (4), we have 

p = (afj,s)ip(bab) — ((bab)fj,s)tpa — ((bab)iis)ip((x/3(aja))~fy) 
= (xf3(a^ya))ip(((bab)ns)jy) = ((((bab)fis)jy)(3(aja))i/;x 
= ((a~fa)f3{y5((bab)ns)))ipx = (((y5((bab)ns))^a)i3a)i)x E (SYA)YS C A. 

Thus (ATS)TA 2 C A. 
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Now by using (3) and (4), we have 

ATA C ATS = AT(STS) = ST(ATS) = (STS)T(ATS) 
= (STA)T(STS) = (STA)TS C A. 
Which shows that A is a L-(l, 2)-idcal of S. □ 

Theorem 10. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 

(i) A is a T-bi-ideal of S. 

(ii) A is a T-interior ideal of S. 

Proof, (i) => (ii) : Let A be a T-bi-ideal of an intra-regular r-AG**-groupoid S, 
then {ATS)TA C A. Let p G (STA)TS, then p = (s^a)^s' for some a G A, s, s G S 
and fj,,if) e T. Since 5 is an intra-regular so there exists x, y G S and /3,7, 5 G L 
such that a = (x/3(aSa))jy. Now by using (3), (1), (4) and (2), we have 

p = (s/jbd)ips — (s/j,((xj3(aSa))'yy))ips — ((x(3(aSa))/j,(s^y))ips 

= (s lJ.(sjy))ip(xf3(aSaj) = ((aSa)fix)ip((s-fy)f3s ') 

= {{{s'yy)l3s)iJ,x)tp(a5a) = ((xf3s')fi(s-fy))ip(aSa) 

= (ana)tp((s-fy)S(x/3s'j) = (((sjy)5(xf3s '))/j,a)ipa 

= (((siy)5(xPs'))ii((xl3(a8a))-fy))ipa 

= (((sjy)5{xf3(a5a)))n((xf3s )-fy))ipa 

= {{{{a8a)ix)8{yps))n{{xps')7y))i>a 

= (((( X P S hy)6(yPs))fj,((a5a)'yx))ipa 

= {{a5a)n((((xPs )^y)5(yps))^x))ij)a 

= ((xS(((xl3s')jy)S(y/3s)))fi(a-fa))tpa 

= (afi((xS(((xl3s')jy)S(yl3s)))ja))tpa 

e (ATS)TA c A. 

Thus (STA)TS C A. Which shows that A is a T-interior ideal of 5". 

(ii) (i) : Let A be a L-interior ideal of 5", then (ST^LS C A. Let 

p G (ATS')r'.A, then p = (a/j,s)ipb for some a, b G A, s G S and fj,,ip £ T. Since 5 is 
an intra-regular so there exists x, y G 5 and /?, 7, (5 G T such that 6 = (x(3(b5b))-fy. 
Now by using (3), (1) and (4), we have 

p = (afis)tpb = (afj,s)tp((xP(b5b))"/y) — (x/3(bSbj)ip((a^s)jy) 

= (((a^shy)l3(bdb))tpx = ((!r/b)P(y5(a(i,s)))ipx 

= {{{y6{aiis))~/b)/3b)iPx G (STA)TS C A. 

Thus (Ars)rA C A. 
Now 

ata c ^ls = Ar(srs) = ST^rs) = (srs , )r(Ars') 

= (STA)r(STS) = (STA)TS C A. 
Which shows that .A is a T-bi-idcal of 5*. □ 

Theorem 11. In an intra-regular T-AG** -groupoid S, the following conditions are 
equivalent. 
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(i) A is a T-(l, 2)-ideal of S. 

(ii) A is a L-quasi ideal of 5*. 

Proof, (i) => (ii) : Let A be a r-(l, 2)-ideal of intra-regular r-AG**-groupoid S, 
then (ATS)T(ATA) C A. Now by using (3) and (4), we have 

STA = ST (AT A) = ST((ATA)TA) = (ATA)T(STA) = (ATS)T(ATA) C A. 

and by using (1) and (3), we have 

ATS = (ATA)TS = ((ATA)TA)TS = (STA)T(ATA) = (ST(ATA))T(ATA) 

= ((STS)T(ATA))T(ATA) = ((ATA)T(STS))T(ATA) = (ATS)T(ATA) C A. 

Hence (AT5) n (STA) C A. Which shows that A is a L-quasi ideal of S. 
(ii) (i) : Let A be a L-quasi ideal of S, then (ALS) n (STA) C A. Now 

ALA C ALS* and ALA C STA. Thus ALA C (ALS*) n (STA) C A. 
Now by using (4) and (3), we have 

(ATS)T(ATA) = (ATA)T(STA) C AL(SLA) = SL(ALA) C STA. 

and 

(ALS*)L(ALA) = (ALA)L(S'LA) C AT(STA) = ST(ATA) 
= (STS)T(ATA) = (ATA)T(STS) C AL5. 

Thus (ALS')L(ALA) C (ALS*) n (STA) C A. Which shows that A is a L-(l, 2)-ideal 
of 5. □ 



Lemma 3. Let A be a subset of an intra-regular T -AG** -groupoid S, then A is a 
two-sided T -ideal of S if and only if ATS = A and STA = A. 

Proof. It is simple. □ 



Theorem 12. For an intra-regular T-AG** -groupoid S the following statements 
are equivalent. 

(i) A is a left L-ideal of S. 

(ii) A is a right L-ideal of S. 
(Hi) A is a two-sided L-ideal of S. 

(iv) ATS = A and STA = A. 

(v) A is a L-quasi ideal of S. 

(vi) A is a L-(l,2)-ideal of S. 

(vii) A is a L-generalized bi-ideal of S. 

(viii) A is a L-bi-ideal of S. 

(ix) A is a L-interior ideal of S. 

Proof, (i) (ii) and (ii) =>• (Hi) are followed by Lemma [21 

(Hi) (iv) is followed by Lemma [3J and (iv) ==>• (v) is obvious. 

(v) (vi) is followed by Theorem [TT1 

(vi) => (vii) : Let A be a L-(l, 2)-ideal of an intra-regular L-AG**-groupoid 
S, then (ATS)TA 2 C A. Let p e (ATS)TA, then p = (afis)ipb for some a, b e A, 
s G S and fx, ip G L. Now since S 1 is an intra-regular so there exists x, y G 5 1 and 
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j3, 7, 8 6 r such that such that b — (x(3(bSb))^y then, by using (3) and (4), we have 
p = (a^is)ijjb = (a^s)tp((x/3(bSb)) r yy) — (x/3(bdb))ip((a^is)jy) 
= (yf3(ans))i{j((b8b)-fx) = (b5b)i/)((yP(ans))'yx) 
= (x8(y0{afxs)))ip(lyyb) = (xS(a(3(y^s)))^(bSb) 
= (a6(x/3(yns)))ip(b5b) e (ATS)TA 2 C A. 

Which shows that A is a r-generalized bi-ideal of S. 

(vii) ==>■ (viii) is simple. 

(viii) ==>• (ix) is followed by Theorem [PUl 

(ix) => (i) is followed by Theorems [9] and HI □ 
Theorem 13. In a T-AG** -groupoid S, the following conditions are equivalent. 

(i) S is intra-regular. 

(ii) Every T-bi-ideal of S is T-idempotent. 

Proof, (i) => (ii) is obvious by Theorem |3J 

(ii) (i) : Since STa is a T-bi-ideal of S, and by assumption STa is T- 

idempotent, so by using (2), we have 

a e (STa) r (STa) = ((STa) T (STa)) T (STa) 

= ((STS) r (aTa)) r (STa) C (STa 2 ) T (SYS) = (STa 2 ) TS. 

Hence S is intra-regular. □ 

Lemma 4. If I and J are two-sided T -ideals of an intra-regular T-AG** -groupoid 
S , then I H J is a two-sided T -ideal of S. 

Proof. It is simple. □ 

Lemma 5. In an intra-regular T - AG** -groupoid IT J = I n J , for every T -ideals I 
and J in S . 

Proof. Let I and J be any T-ideals of S, then obviously IT J C ID J. Since In J C I 
and / n J C J, then (J PI J) 2 C IT J, also by Lemma 21 / n J is a T-ideal of S, so 
by Theorem [131 we have I D J = (ID J) 2 C IT J. Hence 7TJ = 7 n J. □ 

Lemma 6. Le£ S be a T-AG** -groupoid, then S is an intra-regular if and only if 
every left T-ideal of S is T-idempotent. 

Proof. Let S be an intra-regular r-AG**-groupoid, then by Theorems [12] and Q3J 
every T-ideal of S is T-idempotent. 

Conversely, assume that every left T-ideal of S is T-idempotent. Since STa is a 
left T-ideal of S, so by using (2), we have 

a e STa = (STa) T (STa) = ((STa) T (STa)) T (STa) 

= ((STS) T (aTa)) T (STa) C (STa 2 )T(STS) = (STa 2 ) TS. 
Hence S is intra-regular. □ 
Lemma 7. In an AG** -groupoid S, the following conditions are equivalent. 

(i) S is intra-regular. 

(ii) A = (STA) 2 , where A is any left T-ideal of S. 
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Proof, (i) => (ii) : Let A be a loft L-idcal of an intra-regular r-AG**-groupoid S, 
then ST A C A and by Lemma El (ST A) 2 = ST A C A. Now A = ALA C ST A = 
(STA) 2 , which implies that A = (STA) 2 . 

(ii) => (i) : Let A be a left L-ideal of S, then A = (STA) 2 C ATA, which 
implies that A is L-idempotent and by using Lemma [6l S is an intra-regular. □ 

Theorem 14. For an intra-regular T-AG**-groupoid S , the following statements 
holds. 

(i) Every right L-ideal of S is r-semiprimc. 

(ii) Every left L-ideal of S is L-semiprime. 

(Hi) Every two-sided L-ideal of S is L-semiprime 

Proof, (i) : Let R be a right L-ideal of an intra-regular L-AG**-groupoid S. Let 
a 2 G R and let a G S. Now since S is an intra-regular so there exists x, y G S and 
/3, 7, <5 G L such that a = (xf3(a5a))jy. Now by using (3), (1) and (2), we have 

a = (x(3(aSa))jy = (af3(x6a))jy = (yf3(x8a))ja = (yf3(xSa))j((x(3(aSa))jy) 
= (xP(a8a))j((yl3(x5a))jy) = (x/3(yf3(x5a)))^((a5a)~fy) 
= (aSa)~/((xP(y(3(x5a)))"/y) G RT(STS) = RTS C R. 

Which shows that R is L-semiprime. 

(ii) : Let L be a left L-ideal of 5. Let a 2 G L and let a G 5 now since S is an 
intra-regular so there exists x, y G S and /?, 7, 5 G L such that a = (x/3(aSa))jy, 
then by using (3), (1) and (4), we have 

a = (x/3(a5a))jy = (a/3(xda))jy — (y/3(xSa))ja 

= (yj3(x5a))j((x/3(aSa))jy) = (xf3(a6a))~f((yf3(x6a))^y) 

= (yl3(yP(x5a)))j((aSa)jx) = (a5a)j((y/3(y^(xSa)))jx) 

= (xS(y/3(y/3(x6a))))j(a-ya) G STL C L. 

Which shows that L is L-semiprime. 

(Hi) is obvious. □ 
Theorem 15. In a T-AG** -groupoid S, the following statements are equivalent. 

(i) S is intra-regular. 

(ii) Every right L-ideal of S is L-semiprime. 

Proof, (i) ==>• (ii) is obvious by Theorem 1141 

(ii) => (i) : Let S be an intra-regular L-AG**-groupoid. Let R be any right L- 
ideal of S such that R is L-semiprime. Since a 2 TS is a right L-ideal of S, therefore 
a 2 TS is L-semiprime. Now clearly a 2 G a 2 TS so a G a 2 L5'. Now let 0" G S 1 , then by 
using (3) and (2), we have 

a G (aSa)TS = (a5a)T(STS) = ST((a6a)TS) = (STS)T((aSa)TS) 
= (ST(aSa))T(STS) = (ST(a5a))TS. 

Which shows that S is an intra regular. □ 

Theorem 16. A T-AG** -groupoid S is intra-regular if and only if RPi L = RTL, 
for every T-semiprime right T-ideal R and every left T -ideal L of S. 
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Proof. Let S be an intra-regular r-AG**-groupoid and R and L be right and left L- 
ideal of S respectively, then by Theorem[2l R and L become L-ideals of S, therefore 
by Lemma O R P\ L = RTL, for every L-ideal R and L, also by Theorem [Til R is 
L-semiprime. 

Conversely, assume that Rf)L = RTL for every right L-ideal R, which is L- 
semiprime and every left L-ideal L of S. Since a 2 £ a 2 TS, which is a right L-ideal 
of S so is L-semiprime which implies that a £ a 2 TS. Now clearly STa is a left 
L-ideal of S and a £ STa, therefore let 7 £ T, then by using (4), (1) and (2), we 
have 

a £ ((aja)TS) n (STa) = ((a-ya)TS) T (STa) C ((aja)TS) T (STS) 
= ((aya)TS) TS = ((a 7 a) TS) TS = (STS)T(a-fa) 
= (STa) r (STa) = 5r((5r a )r a ) = (ST (070)) TS. 
Therefore S is an intra-regular. □ 

Theorem 17. For a T-AG** -groupoid S , the following statements are equivalent. 

(i) S is intra-regular. 

(ii) LnR C LTR, for every right T -ideal R, which is T-semiprime and every left 
T-ideal L of S. 

(Hi) LC\R C (LR) L, for every T-semiprime right T-ideal R and every left T-ideal 

L. 

Proof, (i) => (Hi) : Let S be an intra-regular r-AG**-groupoid and L, R be any 
left and right T-ideals of S and let k £ LnR, which implies that k £ L and 
k £ R. Since S is intra-regular so there exist x, y in S, and a, /3, 7 £ T such that 
k = (xa(k-yk)) f3y, then by using (3), (1) and (4), we have 

k = (xa (kjk)) f3y = (ka (aryfc)) fiy = (ya (xjk)) j3k 

= (ya (ary ((xa(kjk)) j3y))) j3k = (ya ((xa(kjk)) 7 (x/3y))) j3k 

= ((xa (kjk)) a (yj (xf3y))) /3k — ((ka (xjk)) a (yj (x/3y))) j3k 

£ ((RT (STL))TS) TL C {{RTL) TS) TL = (LTS) T (RTL) 

= (LTR) T (STL) C (LTR) TL. 

which implies that L fl R C (LTR) TL. Also by Theorem [T4l L is r-semiprimc. 
(Hi) => (ii) : Let R and L be any left and right L-ideals of S and R is L-semiprime, 
then by assumption (in) and by using (4), (3) and (1), we have 

RHL C (RTL)TRC (RTL)TS = (RTL)T(STS) = (STS)T(LTR) 
= LT ((STS) TR) = LT ((RTS) TS) C LT (RTS) C LTR. 

(ii) => (i) : Since a £ STa, which is a left L-ideal of S, and a 2 £ a 2 TS, which is 
a L-semiprime right L-ideal of S, therefore, a £ a 2 TS. Now by using (4), we have 

a £ (STa) n (a 2 TS) C (STa) T(a 2 TS) C (STS) T (a 2 TS) 

= (STa 2 ) T (STS) = (STa 2 ) TS. 

Hence S is intra-regular. □ 

A L-AG**-groupoid S is called L-totally ordered under inclusion if P and Q are 
any L-ideals of S such that either P C Q or Q C P. 

A L-ideal P of a L-AG**-groupoid S is called L-strongly irreducible if A(~)B C P 
implies either A C P or B C P, for all L-ideals A, B and P of S. 
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Lemma 8. Every T-ideal of an intra-regular T-AG** -groupoid S is T -prime if and 
only if it is T -strongly irreducible. 

Proof. It is an easy consequence of Lemma □ 

Theorem 18. Every T-ideal of an intra-regular T-AG** -groupoid S is T-prime if 
and only if S is T -totally ordered under inclusion. 

Proof. Assume that every T-ideal of S is T-prime. Let P and Q be any T-ideals of 
S, so by Lemma El PTQ = P (lQ, and by Lemma P H Q is a T-ideal of S, so 
is prime, therefore PTQ CFflQ, which implies that PCPnQorQCPnQ, 
which implies that P C Q or Q C P. Hence S is T-totally ordered under inclusion. 

Conversely, assume that S is T-totally ordered under inclusion. Let /, J and P 
be any T-ideals of S such that IT J C P. Now without loss of generality assume 
that I C J then 

I = ITI C IT J C P. 

Therefore either / C P or J C P, which implies that P is T-prime. □ 

Theorem 19. The set of all T-ideals I s of an intra-regular T-AG** -groupoid S, 
forms a T-semilattice structure. 

Proof. Let A, B £ I s , since A and B are T-ideals of S, then by using (2), we have 

{ATB)TS = (ATB) T (STS) = (ATS) T (BTS) C ATB. 
Also ST(ATB) = (STS) T (ATB) = (ST A) T(STB) C ATB. 

Thus ATB is a T-ideal of S. Hence I s is closed. Also using Lemma we have, 
ATB — AnB = BDA = BTA, which implies that I s is commutative, so is 
associative. Now by using Theorem [T51 ATA = A, for all A e I s . Hence I s is 
T-semilattice. □ 

Theorem 20. A two-sided T-ideal of an intra-regular T -AG** -groupoid S is min- 
imal if and only if it is the intersection of two minimal two-sided T-ideals. 

Proof. Let S be an intra-regular T-AG**-groupoid and Q be a minimal two-sided 
T-ideal of S, let a e Q. As ST(STa) C STa and ST(aTS) C aT(5T5) = aTS, 
which shows that STa and aTS are left T-ideals of S so by Lemma [2 STa and aTS 
are two-sided T-ideals of S. 
Now 

5T(5Ta n aTS) n (STa n aT5)TS' 
= ST(STo) n 5T(aTS') n {STa)TS n (aTS')rS 
C (STa n aTS) n (STa)TS n STa C STa n aTS. 

Which implies that STa n aTS is a T-quasi ideal so by Theorems |8] and QTJ 
STa n aTS is a two-sided T-ideal. 
Also since a € Q, we have 

STa n aTS C STQ n QTS C Q n Q C Q. 

Now since Q is minimal so STa D aTS = Q, where STa and aTS are minimal 
two-sided T-ideals of S, because let J be a T-ideal of S such that I C STa, then 



/ n aTS C STa n aTS C Q, 
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which implies that 

I n aTS = Q. Thus Q CI. 

So we have 

STa C STQ C STI C /, gives 
STa = I. 

Thus STa is a minimal two-sided T-ideal of S. Similarly aTS is a minimal 
two-sided T-ideal of S. 

Conversely, let Q = ID J be a two-sided T-ideal of S, where / and J are minimal 
two-sided T-ideals of S, then by Theorem [8] and [TTJ Q is a T-quasi ideal of S, that 
is STQ n QTS c g. 

Let g be a two-sided T-ideal of S such that Q C Q, then 



srg n g rs c srg n grs c g, also srg c sn c / 
and g'rs c jrs c j. 

Now 

sr (srg') = (srs) r (srg') = (g'rs) r (srs) 
^g'rs) rs = (srs) rg' = srg' 



implies that Srg is a left T-ideal and hence a two-sided T-ideal by Lemma [5] 
Similarly Q TS is a two-sided T-ideal of S. 

But since / and J are minimal two-sided L-ideals of S, so 

srg' = / and g'rs = j. 

But g = / n J, which implies that, 

g = srg' n g'rs c g'. 

Which give us Q = Q . Hence Q is minimal. □ 
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